We study the Schwarzschild and Reissner-Nordström black hole thermodynamics using the simplest form of the generalized uncertainty principle (GUP) proposed in the literature. The expressions for the mass-temperature relation, heat capacity and entropy are obtained in both cases from which the critical and remnant masses are computed. Our results are exact and reveal that these masses are identical and larger than the so called singular mass for which the thermodynamics quantities become ill-defined. The expression for the entropy reveals the well known area theorem in terms of the horizon area in both cases upto leading order corrections from GUP. The area theorem written in terms of a new variable which can be interpreted as the reduced horizon area arises only when the computation is carried out to the next higher order correction from GUP.
Various theories of quantum gravity have suggested the need of an observer-independent minimum length scale. A minimal length expected to be close or equal to the Planck length occurs in string theory [1] , noncommutative geometry [2] , to name a few. One of the manifestations of the inclusion of a minimal length in these theories is the generalized uncertainty principle (GUP). This idea, first proposed in [3] has recently been considered seriously to study black hole thermodynamics [4] - [6] and its quantum corrected entropy [7] - [9] , compute quantum gravity corrections in quantum systems (such as particle in a box, Landau levels, simple harmonic oscillator, etc.) [10] - [15] , compute Planck scale corrections to the phenomena of superconductivity and quantum Hall effect [16] and to understand its consequences in cosmology [17] , [18] . In this paper, we shall study the thermodynamic properties of the Schwarzschild and Reissner-Nordström (RN) black holes using the simplest form of the GUP proposed in
Now the heat capacity of the black hole can be defined as
Using eq. (7), we get
From eq. (9), it is obvious that for temperatures for which k B T << M p c 2 , the heat capacity is negative since the first term which comes with a negative sign dominates over the second term. The radiation process leads to a decrease in the mass of the black hole which in turn (from eq.(6)) leads to an increase in the temperature. Now as the temperature increases, the heat capacity also increases and it is easy to see from eq.(9) that there will be a point at which the heat capacity vanishes. We consider the corresponding temperature to be the maximum temperature attainable by a black hole during evaporation. There will be no further change of black hole mass with its temperature. The radiation process stops thereafter with a finite remnant mass with a finite temperature. One can also determine the black hole entropy from the first law of black hole thermodynamics given by
where the second equality follows from eq.(8). Using eq.(9) and performing the above integration leads to
Now to express the heat capacity and the entropy in terms of the mass, we need to obtain an expression for the temperature T in terms of the mass M . In order to proceed, we first define for notational convenience the following relations
Using these definitions, eq. (7) can be recast as
which leads to the following quadratic equation for T
Solving this equation gives the following expression for T (T ) in terms of M (M )
The negative sign has been taken before the square root so that the solution reproduces eq.(6) in the β → 0 limit. The above relation immediately gives a critical mass below which the temperature becomes a complex quantity
We would like to mention that our expression for the critical mass differs from that in [9] . The reason for this discrepancy is due to the fact that in writing the temperature in terms of the mass, eq. (13) has been squarred and the term of the O(β 4 ) has been dropped leading to a different expression for the critical mass. Squarring eq. (15) and substituting in eq.(9) leads to
This relation gives the variation of the heat capacity with mass. To obtain the remnant mass at which the radiation process terminates, we set C = 0 which yields the following equation
Solving this equation gives
Once again the expression for the remnant mass differs from that in [9] . Interestingly, we find that the remnant and the critical masses are identical. This is in contrast to the results found earlier where they were different [9] . The reason for this discrepancy is due to the fact that our results are exact in contrast to [9] where approximations (mentioned earlier) have been carried out in writing the temperature in terms of the mass from the mass-temperature relationship. We now move on to express the entopy (11) in terms of the mass. Substituting eq.(15) in eq. (11) and carrying out a binomial expansion keeping terms upto O(β 2 ) leads to
where
is the semi-classical Bekenstein-Hawking entropy for the Schwarzschild black hole. In terms of the area of the horizon A = 4πr 2 s = 16π
, eq.(20) can be written as
which in the limit β → 0 is the famous area theorem. Interestingly, carrying out the calculation upto O(β 4 ) yields
Introducing a new variable A defined as
one can rewrite eq. (22) as
This is the area theorem in terms of the variable A which can be interpreted as the reduced horizon area. Note that the entropy has a singularity at zero reduced horizon area which corresponds to a singular mass given by
However, the remnant mass (19) is larger than the above mass and therefore the reduced horizon area is always positive which in turn implies that the black hole never approaches the singularity. This concludes our study of the effect of the GUP in the thermodynamics of the Schwarzschild black hole. We now consider the Reissner-Nordström black hole of mass M and charge Q. In this case, near the horizon of the black hole, the position uncertainty of a particle will be of the order of the RN radius of the black hole
where r h is the radius of the horizon of the RN black hole. Substituting the value of δp and δx from eqs. (2) and (26), the GUP (3) can be rewritten as
This equation gives the relation between the mass, charge and temperature of the RN black hole. Once again, in the absence of correction due to quantum gravity eq.(27) reduces to
Comparing with the semi-classical Hawking temperature T =
, yields the value of to be = πr 2 0
This finally fixes the form of the mass-charge-temperature relation (27) to be
where we have made use of the identity
The heat capacity of the black hole can now be computed using relation (8) and eq.(30) and gives
To express the heat capacity in terms of the mass, once again we make use of the relation (12) to recast eq.(30) in the form
Solving this equation gives the following expression for T (T ) in terms of the mass and the charge of the RN black hole
The negative sign has been taken again before the square root so that the solution reproduces eq.(15) in the Q → 0 limit. The above relation immediately gives the following condition for the temperature T (T ) to be real
Taking the equality sign, we finally obtain the following cubic equation for the critical mass below which the temperature becomes a complex quantity
The above expression for the critical mass reduces to the critical mass for the Schwarzschild black hole (16) in the Q → 0 limit. Squarring eq.(34) and substituting in eq.(32) leads to
This relation gives the variation of the heat capacity with mass for the RN black hole. To obtain the remnant mass at which the radiation process terminates, we set C = 0 which yields the same cubic equation for the remnant as that for the critical mass (36). Hence, the remnant mass is once again equal to the critical mass (for the RN black hole) similar to the Schwarzschild black hole. Finally, we proceed to compute the entropy of the RN black hole. To do that, we substitute the expressions for the temperature T (T ) (eq.(34)) and heat capacity (eq.(39)) in eq.(10) which yields upto O(β 2 )
which is the area theorem for the RN black hole.
To conclude, we now compare our results with earlier findings to put our results in a proper perspective. The existence of critical and remnant masses were also found earlier in [9] for the Schwarzschild black hole. In this paper, we present these results for both the Schwarzschild and the RN black holes. Our expressions differ from the earlier findings and reveal that these masses are identical in both cases. The reason for this difference is that the computations carried out in [9] were approximate in contrast to our paper where the computations are exact. The expression for the entropy exhibits the well known area theorem in terms of the horizon area in both cases upto leading order corrections from GUP. The computation carried out to the next higher order correction from GUP (in case of the Schwarzschild black hole) shows that the area theorem can be written in terms of a new variable which can be interpreted as the reduced horizon area. The entropy has a singularity at zero reduced horizon area which corresponds to a singular mass which is less than the remnant mass at which the radiation process stops thereby avoiding the singularity.
